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Experimental Application of an Explicit Optimal Linear
Quadratic Gaussian Controller

John H. Lilly*
University of Louisville, Louisville, Kentucky 40292

This paper summarizes the results of some experiments performed on the Spacecraft Control Laboratory
Experiment facility at NASA Langley Research Center using the explicit optimal linear quadratic Gaussian (LQG)
control methodology. Explicit LQG is a method for controlling multi-input, multi-output flexible structures with
collocated actuators and rate sensors. The model used for these experiments is a simple lumped model describing
the motion of the reflector. The controller is tested on the first five (lowest frequency) modes of the structure.
Significant improvement in damping results, the largest being a factor-of-300 improvement in mode 3 damping.
Also, some characteristics of the theoretical closed-loop system are presented that enable greater insight into the

properties of the explicit optimal LQG controller.

I. Imtroduction

HE Spacecraft Control Laboratory Experiment (SCOLE, dis-

mantled in 1993)! is a large flexible antenna and associated
control equipment located at NASA Langley Research Center in
Hampton, Virginia. The antenna consists of a 10 ft., thin, flexible
mast hanging vertically from either a movable or fixed connection
point, together with a rigid “reflector” attached at right angles to the
mast at the bottom (Fig. 1). The mast is connected to the reflector at
one of the reflector’s edges. SCOLE is equipped with collocated ac-
tuators (torque wheels) and sensors (rate gyroscopes) in each of the
three axes of motion, which are the actuators and sensors used for
these experiments, as well as a set of cold-gas jets and accelerome-
ters, which were not used for these experiments.

SCOLE has been used by many researchers investigating various
identification and control techniques for multi-input, multi-output
(MIMO) flexible structures. In the experiments reported in this pa-
per we seek to damp out vibrations in the antenna with the torque
wheels by utilizing the explicit optimal linear quadratic Gaussian
(LQG) control methodology of Balakrishnan,>~* which is applica-
ble specifically to flexible structures with collocated actuators and
rate sensors. The explicit optimal LQG method produces a compen-
sator that can be expressed in lumped state-space form and is thus
suitable for implementation on a digital computer. The compensator
can also be shown to be positive real, making it robust to unmodeled
dynamics.

We utilize for these experiments a simple lumped model for
SCOLE that describes the motion of the reflector. We test the con-
troller by first exciting the antenna in one of its modes, then turning
off the excitation, closing the control loop, and recording the result-
ing motion. This is done for the five lowest frequency modes. For
modeling purposes, we define a different coordinate system from
that which has been traditionally used for SCOLE.

The simple lumped model used for these experiments was
intended for initial tests only, with a more complete model planned
once confidence was gained with the lumped one. Unfortunately,
the untimely demise of Larry Taylor and the subsequent dismantling
of SCOLE prevented any further experimentation. We nevertheless
feel that the preliminary results obtained and reported in this pa-
per are sufficient to show that explicit optimal LQG is a promising
methodology for the regulation of MIMO flexible structures.

The paper is organized as follows. Section II gives a brief sum-
mary of the explicit LQG methodology. Section III gives a physical
description of the SCOLE apparatus. Section IV discusses the mod-
eling procedure. Section V describes the design of the compensator
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and gives some of the properties of the resulting theoretical closed-
loop system. Section VI gives experimental results. Conclusions are
given in Sec. VIL

II. Brief Summary of Explicit Optimal

LQG Controller
The material presented here is taken from Refs. 2-5. We begin
with the general model of an undamped flexible structure with col-
located actuators and rate sensors:

Mx(t)+ Ax(t) +Bf(t) + BN,(t) =0 (1a)

v(t) = BTX(t) + N, (1) (1b)

This model can describe either finite- or infinite-dimensional
systems, depending on how the operators are defined. For
finite-dimensional systems, M is the mass matrix (nonsingular,
nonnegative definite), A is the stiffness matrix (nonsingular, non-
negative definite), B is the control matrix, f(-) is the control vec-
tor (n x 1, assuming » actuators), x(-) is the “displacement” vector
(finite-dimensional, real), N, (-) is the actuator noise (assumed white
Gaussian with spectral density d, 1), I is the n x n identity matrix,
v(-) is the sensor output, BT represents the transpose of B, and N, ()
is the sensor noise (assumed white Gaussian with spectral density
d, I). For continuum models, see Ref. 5.

The LQG problem considered is that of finding the control f(-)
that minimizes the mean-square time average (where A > 0)
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Fig.1 Cantilevered SCOLE antenna showing torque wheels, rate sen-
sors, and coordinate system used.
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The optimal compensator is derived using stochastic optimization
theory. The optimal compensator transfer function matrix (n x n)
is given by (see Ref. 2)

H(s) = sgBT (s®M + sy BBT + A)7'B, Re(s) >0 (3)

_ [l [ L
g= x y—\/;r+ﬁ 4

In the finite-dimensional case, the compensator (3) can be realized
in the (finite-dimensional) state-space form

where

Table 1 Experimentally measured open-loop frequencies and
damping ratios for first five modes of SCOLE

Measured Measured
Mode frequency, Hz damping ratio
1) First in-plane bending 04545 0.0018
2) First out-of-plane bending 0.4764 0.0061
3) First torsion 1.53 0.0005
4) Second in-plane bending 3.13 0.0106
5) Second out-of-plane bending 4.63 0.0077

of the SCOLE antenna. The model is assumed to be in the form of
Eq. (1), where x = [u, u, 6, 6, 6,]":
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L. SCOLE Physical Description 000
These experiments were performed with the SCOLE antenna in its 0 00
cantilevered configuration, i.e., with the top end of the antenna fixed. B=I|1 0 o0 8)
Figure 1 (adapted from Ref. 6) shows the coordinate system used 1 0
for modeling and controller derivation. The origin of the coordinate 0 0 1

system is the attach point, i.e., the point of attachment between the
mast and the reflector.

The states of the model are u, (displacement of reflector in x
direction), u, (displacement of reflector in y direction), 8, (angular
velocity of reflector about x axis), 8, (angular velocity of reflector
about y axis), 8, (angular velocity of reflector about z axis), and their
derivatives. The displacement of the reflector in the z direction (u,)
is assumed negligibly small. The system input is introduced through
three mutually orthogonal torque wheels situated at the attach point.
The system output is sensed through three mutually orthogonal rate
gyroscopes, collocated with the torque wheels. Thus, the system
has input vector f ~ 3 x 1 and output vector v ~ 3 x 1. Note that
the orientations of the x, y, and z torque wheels and rate sensors
are different from our definitions of the x, y, and z axes. Thus,
angular transformations were necessary in order to implement our
compensator with these actuators and sensors.

The plane of the antenna is defined to be that formed by the x and
z axes. In-plane motion refers to motion of the reflector in this plane
(i. e., in the direction of the x axis), and out-of-plane motion refers
to motion of the reflector normal to this plane (i.e., in the direction
of the y axis). Torsion refers to twisting motion of the mast and
reflector about the z axis.

It was found experimentally that the sixth mode and all higher
frequency modes of SCOLE damp out within 2 s or less. Thus, we
attempted to control only the first five modes in these preliminary
experiments. These are listed in Table 1, with their experimentally
measured frequencies and damping ratios.

IV. Modeling of SCOLE

The system is modeled in a manner similar to Ref. 7 from basic
principles of physics, utilizing the physical properties and geometry

and m is the mass per unit length of the mast (0.8637 slug/ft), I, is
the moment of inertia of the reflector about the x axis (0.5793 slug-
f12), I,y is the moment of inertia of the reflector about the y axis
(1.1557 slug-ft), I, is the moment of intertia of the reflector about
the z axis (1.7351 slug-ft?), r, is the distance from the reflector
center of gravity to the attach point (0.39 ft), L is the length of
the mast (10 ft), E is the modulus of elasticity of the mast, I is
the cross-sectional moment of inertia of the mast, I is the cross-
sectional polar moment of inertia of the mast, EI is the bending
stiffness of the mast (1110 1b-ft?), E 1, is the torsional stiffness of
the mast (1.6096 x 103 Ib-ft?), and g is the acceleration of gravity
(32.2 fi's?).

When the model is expressed in first-order ODE form, the
poles of the model are s= + j2.7322, +;2.7466, £j9.6576,
+719.636, +;29.037. It will be noted that the model poles cor-
respond to open-loop frequencies that are slightly different from
the experimentally measured quantities in Table 1. Also, our model
contains no damping, whereas the actual structure obviously does.
Thus, our preliminary model is a simplistic one.

V. Compensator Design and Theoretical
Closed-Loop Performance

The optimal compensator (5) can be rewritten in first-order ordi-
nary differential equation (ODE) form as

Y 0 I y 0
[Y]z -M'A —yM'BBT || ¥ * yoip VOOV

f@)=gB"Y (9b)
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Table 2 Theoretical closed-loop poles, damped natural frequencies, and damping ratios
resulting from compensator with g =12, v = 10

Theoretical Theoretical Theoretical
Mode closed-loop poles closed-loop frequency, Hz closed-loop damping ratio
1 —.016936 + j2.7323 0.4349 0.0061983
2 —.016864 + j2.7467 04372 0.0061396
3 —.40292 £ j9.6492 1.5357 0.041720
4 —.52476 + j19.629 3.1241 0.026724
5 —1.1856 £ j29.011 46172 0.040833
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Fig.2 Locus of closed-loop poles as g varies from 0 to 60 (- = 10).

A sampling time of 0.02 s was chosen for the compensator. The 40 ¢ 1 I l ‘ . !
compensator has 10 states, 3 inputs, and 3 outputs. The variables y 0 - ! ‘ B l . 141#'! 1 e ' J,,
and g [Eq. (4)] are the only design parameters of the controller. The E A | %
constant g is the gain of the compensator, whereas the compensator 20 I | N
damping is proportional to y. We considered a range of values for 10 | : ‘ ‘
these constants. Nominal values of ¢ = 12 and y = 10 were chosen 5 -
heuristically, since they were judged to yield the best closed-loop z 0
performance in actual experiments on SCOLE. These values of g T 10 F e
and y result in the theoretical (i.e., based on the model described © £
above) closed-loop poles, damped natural frequencies, and damping 20 [ )
ratios given in Table 2. 30 F o

It is of interest to examine the loci of theoretical closed-loop poles E ]
as g and y vary. Figure 2 shows the locus of theoretical closed-loop 0 F
poles as g varies from 0 to 60 with ¥ held at its nominal value 50 -

of 10. There are two closed-loop plant poles and two compensator
poles very near the positive imaginary axis between approximately
s = j2.6 and s = j2.9. The loci corresponding to these poles are
similar to the others in Fig. 2. Figure 3 shows the locus of closed-
loop poles as y varies from 20 to 2 with g held at its nominal value
of 12.

The transmission zeros of the compensator are s = 0,0,0 =+
j4.3917, £j4.3917 and are y-invariant. Note that these do not co-
incide with any open-loop plant poles. This is desirable, because
any cancellation of plant poles by compensator zeros would result
in uncontrollable plant modes.

One objective of the compensator is to minimize the sensitiv-
ity of the system to actuator and sensor disturbances (N, and N,,
respectively). This sensitivity can be investigated by examining a
plot of the largest principal gain & (w) of the transfer matrix of
the appropriate disturbance-to-output path. The principal gains of a
transfer matrix G(s) are defined to be the singular values of G(jw)
as a function of @.® The smaller is & (w), the less is the sensitiv-
ity. Figure 4 shows & (w) for the actuator-to-output (i.e., N,~to-v)
transfer matrix of the theoretical closed-loop system. Note that the
first two modes are very close together in frequency and therefore
appear as one peak in Fig. 4. The first four modes are seen to be
relatively insensitive to actuator noise, whereas the fifth mode is

Real (s)
Fig.3 Locus of closed-loop poles as -y varies from 20 to 2 (g = 12).
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Fig.4 Maximum principal gain of actuator-to-output transfer matrix
of compensated plant (g = 12, v = 10).

somewhat more sensitive. It is not known why the fifth mode is more
sensitive. Of course, the theoretical (i.e., zero damping) open-loop
system, to which this theoretical closed-loop system should be com-
pared, would have infinitely high peaks at the mode frequencies. The
N,-to-v maximum principal-gain plot is similar to Fig. 4 and is
therefore omitted.

VI. Experimental Results

The experiments were run as follows. First, the antenna was ex-
cited for 30 s in the desired mode by commanding the torque wheels
with a sinusoid at the appropriate frequency. Then the excitation was
turned off, the controller loop was closed, and the rate gyroscope
outputs recorded. The constants g and y were varied over a large
range of values. The best closed-loop performance was obtained for
g = 12 and y = 10. The approximate closed-loop damped natural
frequencies and damping ratios in Table 3 were derived from the
measurements using these values for g and y.



Table 3 Experimentally measured closed-loop damped natural
frequencies and damping ratios, g =12,y =10

Measured Measured
Mode closed-loop frequency, Hz closed-loop damping ratio
1 0.4528 0.0531
2 0.4589 0.0309
3 1.5568 0.1567
4 3.2215 0.1607
5 4.5405 0.2326

These numbers should be compared to those for the open-loop
system in Table 1. A comparison of the open-loop and the closed-
loop damping ratios gives an idea of the effectiveness of the com-
pensator. The compensator significantly enhanced the damping in
all modes. The largest improvement was obtained in mode 3, which
is the least stable in open-loop performance. Mode 3 damping was
improved by a factor of approximately 300. The smallest improve-
ment was obtained in mode 2, whose damping was increased by a
factor of 5.

It will be noticed that the agreement between the damping ratios
in Tables 2 and 3 is not very good. This is because the model includes
no damping while the actual system does contain some damping.
Thus, the actual performance obtained is better than that expected
theoretically.

VII. Conclusions

The explicit optimal LQG control methodology has been
implemented on the SCOLE flexible antenna. A simplistic lumped
model was used to derive the compensator. The compensator was
tested on the first five modes of the antenna. It resulted in significant
improvement in damping in all modes. The largest improvement in
damping was a factor-of-300 improvement in mode 3. The small-
est improvement was a factor-of-5 improvement in mode 2. It is
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significant that the controller yielded excellent improvement even
in the face of inaccuracies introduced by using such a simplistic
model.
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